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Abstract

Micro Coaxial Helicopter with compact size and vertical takeoff ability offers a good Micro Aerial Vehicle (MAV)
configuration to handle indoor mission such as search, rescue and surveillance. An autonomous MAV helicopter
equipped with micro vision devices could provide more information of the scene, in which the human present is risky.
Toward an autonomous flight, mathematical model of the helicopter should be obtained before controller design takes
place. This paper will discuss the mathematical modelling, simulation and identification of a micro coaxial helicopter.
The mathematical model of the micro coaxial helicopter will be presented, in which total forces and moment are
expressed as a Taylor series expansion as function of the state and control variables. The mathematical model will be
used to simulate the helicopter responses due to control input. The simulation was used to obtain better understanding
of the characteristics of the helicopter before flight test program are performed. Flight test program dedicated to
identify the parameter of the micro coaxial helicopter have been carried out. The micro coaxial helicopter was
instrumented with sensory system to measure some input and output variables. The use of Kalman filter to estimate the
state and total least squares to estimate the aerodynamic parameter of micro coaxial helicopter based on the flight test
data will be presented. Some identification results and model validation will be given in this paper.
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1. Introduction

Micro Aerial Vehicle (MAV) offers excellent tool to support missions in indoor environment.
With certain onboard, intelligent the MAV can be used to perform tasks that may be dangerous for
human or tasks in which human presence is not possible, e.g. search and rescue, surveillance in
unstable contraction, in underground tunnel. In order to operate in indoor environments with limited
space and rich of obstacles of different size and shape, the MAV should be inherently stable to
simplify the control. Control system should be designed and implemented to autonomously control
the MAV.

System identification approach is properly one of the good solutions to achieve an appropriate
mathematical model. In detail, flight test data will be used to identify the parameters in the model.
Unfortunately, due to the small size of the helicopter, and the use of low cost sensory system, data
obtained from flight test are corrupted by noise. These inaccurate data could make the estimation
of parameters become improper. In order to handle this issue, one of the solutions is using the
Kalman filter followed by the total least square in the identification process.

The present paper starts with discussion of a mathematical model of a micro coaxial helicopter.
Next, the numerical simulation prior to the flight test will be given to obtain proper values of control
inputs during real flight test program. Parameter identification technique to estimate both the state
and the aerodynamic parameters will be described. Estimation of the acrodynamic parameter based
on real flight data will be presented and discussed. Some conclusions will be given in this paper.
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2. Mathematical model of micro coaxial helicopter

A typical micro coaxial helicopter is shown in Fig. 1. Two pairs of 50 cm diameter rotor blade
are used to generate lift. These rotors are driven in opposite direction by two electric motors to
counter the torque generated by rotor system [1].
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Fig. 1. Lama 400D coaxial helicopter [1]

In general, control of this type of rotorcraft is done by main motors and swash-plate system,
both inactive and passive way. In upper rotor, a fly-bar is attached to the driven shaft. Through the
mechanical linkages with rotor blade, this fly-bar will provide passive control into the upper rotor
input. In lower rotor, swash-plate system with servomotors is used to control pitch and roll of the
helicopter. To activate a motion in vertical direction, motor rotational speed should simultaneously
be varied, while differential variation of these RPM will lead to a yaw motion.

2.1. The longitudinal equations of motion

The kinematics model of a Micro Coaxial Helicopter is a set of differential equations relating
the forces and moments acting on the helicopter. This model can be derived from equation of
motion of the helicopter. In the body-fixed reference frame, this equation can be written as
follows, only the longitudinal equations are considered here [2].

. . X
u=—gw—gsinfd+—,
m

, VA
W= qu+gcosf+—;
m

0=q, (1)
.M
q="7"

y

h=usin® — wcos 8.

In equation (1), # and w indicate the velocity components of the helicopter along the X and Z
axes respectively, ¢ is the pitch rate, @ denotes the angle of pitch, 4 is the altitude, g is the
acceleration due to gravity, m is mass, and I, is the moment of inertia.
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2.2. The rotor dynamic model

The rotor dynamic model here is derived for the flapping angle of the lower rotor and the fly-

bar, which are defined as follows [3, 4]:
a,=t1,0,+ks6,,—q,

)

in which oy and o are the flapping angle of the lower rotor and the fly-bar respectively, o,
denotes the deflection of the longitudinal control surface, and g is the pitch rate. In equation (2), 7,
7, and ks are constants.

The upper rotor flapping angle ¢, is modelled as a linear function of the flapping angle of the
fly-bar as follows [2]:

a,=k;a;. 3)

The flapping angle of both the upper and the lower rotors will be used to develop the
aerodynamic-propulsion model of the micro coaxial helicopter.

2.3. The aerodynamic-propulsion model

The total aerodynamic-propulsion force along the longitudinal axis X, the total aerodynamic-
propulsion force along the vertical axis Z, and the total aerodynamic-propulsion pitching moment
in the lateral axis M, can be expressed as follows [5]:

1

XY= pViSCy,
z % pV2SC, . @)
M =% pV3SC, R.

where C,, C,, and C,, denote the coefficients of the aerodynamic-propulsion forces along the X and
Z-axes, and pitching moment about Y-axis respectively, V is the forward speed, p is the air density.

By substituting ¥=wR and S=zR’ into equation (4), where @ and R are the rotational speed and
radius of the rotor respectively, it follows that:

X = %pﬂa)zR“CX ,

z :% prw’R*C,, 5)

m*

M = %pﬂa)ZRSC

The aerodynamic forces and moment coefficients can be expressed in terms of several state and
control variables of the vehicle, for example the lower and upper flapping angles, pitch rate,
deflection of the longitudinal control surface, and the thrust coefficient 7, defined as

TC:—1 T - (6)

The dependency of those coefficients on these variables can be expressed as follows:
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{CX; Cy, Cm}:f(a/’aua%é‘lon’Tc)' (7)

Each coefficient in equation (7) can be expressed in a Taylor series expansion as a function of
the state and control variables as well as thrust coefficient. If terms up to the first order are
included, these coefficients can be expressed as follows [6, 7]:

Cy =Cx, +Cy, o, +Cy a, +Cy q+Cy  6,, +Cy T,
C, =Cy, +CZW a, +CZa,, a, + Czqé] + CZ% Opon + CZTC T., (8)
C,=Cy +C,, a,+C, a,+C, g+C,  3,,+C, T,.

m

m, are the aerodynamic and control
lon

In equation (8), CXW ,CX% ,CXq ,CX% ’CZW ""Cmaé ,C

parameters, and C, ,C, , and C,, are the thrust parameters expressing the effect of the thrust on

c

the total aerodynamic forces and moment. These parameters can be determined from both
theoretical prediction or experimental. In this paper, these parameters will be estimated from flight
test experiment.

Substitution of equation (8) into (4) and the result is substituted into (1) yields the differential
equation of motion of the micro coaxial helicopter as follows.

: .1 po’R*
u:—qw—gsm6’+5’0w

(CXO+CXwaé+CX%au+Cqu+CXJZ +CXTCTC),

lon
on

@’ R*

W= qu+gCOS9+E (Cy, +CZW a,+C; a,+ Cqu+ CZ&; On +Cz, T.),

b=q. 9)
2pS
q Ilpa) R (Cm +Cm a/+Cm au+cm q+Cm 5lon+cm T;f)’
2 ]y 0 ay 4 ay q Slon T.

h=usin@ — wcosé.

In principle, the differential equations (2) and (9) can be used to simulate the flight test
scenarios as will be explained in the following section.

3. Flight simulation of micro coaxial helicopter

The purpose of the flight simulation is to test the mathematical model of the helicopter as well
as to obtain the reference values of control input for later use in flight test program. The mathematical
model of the helicopter given in equations (2) and (9) is implemented into the MATLAB/Simulink
software. Fig. 2 shows the schematic diagram of the implementation of the equations of motion of
the micro coaxial helicopter [2].

The physical parameters of the micro coaxial helicopter used in the simulation are presented in
Tab. 1, see also Fig. 1.

Tab. 1. Micro coaxial helicopter data

Characteristics Data

Main rotor radius 25 cm

Total weight 800 g

Engine type Electric motor
Distance between rotor 80 mm
Endurance 10 minutes
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Fig. 2. Schematic diagram of the implementation of the mathematical model of micro coaxial helicopter

The simulation was carried out within 20 seconds and time step of 0.01 s. The total forces X

and Z as well as the total moment M in equation (4) are assumed known [2]. The time history of
the control input for the rotor and the servo system in longitudinal simulation are shown in Fig. 3.
The corresponding response in term of translational velocity (u, w), angular rate about Y-axis (q),

pitch angle (6) and altitude (/) are depicted in Fig. 4.
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Fig. 3. Control input of rotor and servo system in longitudinal maneuver
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Fig. 4. Response of the helicopter to the control input in term of translational velocity (u, w), angular rate about Y-

axis (q), pitch angle (0), and altitude (h)
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Figure 5 shows the observed speed (V) and altitude (4,). Also presented in Fig. 5 are the
accelerations along the longitudinal and vertical axes (a,, a.), pitch rate (g), and upper and lower
flapping angles(«,.«;). In this simulated flight data, it is assumed that noise was presence in the

observed data.

a. (deg/s)

Time (s)

Vin (m/s)

a (deg)
(=)

hy (m)

ay (deg/s)
a, (deg)
fe)

Fig. 5. The observed response of the helicopter due to control input: airspeed, altitude, vertical acceleration, rate of
pitch, lower, and upper flapping angles. Noise is added in these observed responses

The simulated flight data as given in Fig. 3 and Fig. 5 can be used to obtain proper values of
control inputs during real flight test program [2, 7]. Also, the simulated flight data was used to
validate the software of the Kalman filter and the total least squares [6, 9].

4. Identification of micro coaxial helicopter parameters

In the identification of micro coaxial helicopter parameters, two steps parameter estimation are
used. In the first step, Extended Kalman Filter was used to estimate the states of the helicopter.
The Total Least Square was then applied to estimate the parameters of the aerodynamic force and
moment models.

4.1. The flight instrumentation system and data

Flight test program aimed to identify the aerodynamic-propulsion parameter was carried out
using modified micro coaxial helicopter. The helicopter was instrumented with three navigation
Sensors:

— 6 DOF Inertial Measurement Unit (IMU) from SparKFun Electronic to provide the
measurement of the airframe accelerations (ay, a,, a.), measured range of 6 g, and angular rates
(p, q, r), measured range of 500 deg/s; Data rate of this IMU is up to 200 Hz,

— Digital magnetic compass (DMC) with tilt compensated OS500-S from Ocean Server for
sensing heading attitude, tilt angle in longitudinal and lateral direction (resolution: 0.1°, data
rate: 40 Hz),

— Sonar Range Finder sensor for measuring the helicopter altitude (range: 15 cm—650 cm).
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Also, two optical shaft encoders are used to record the rotational speed of rotor system. Two
microcontrollers are selected to read the servo’s control input, to collect, and to encode the entire
sensor reading into data packages. The architecture of the sensory system is depicted in Fig. 1.
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Fig. 1. Schematic diagram of overall structure of flight test instrumentation system

Fig. 2 shows typical example of input-output flight test data obtained in longitudinal maneuver.
In this figure, the time history of control inputs is shown in the left side; while the helicopter
responses are shown in the right side. It can be seen that the measured data obtained from the
sensory system are noisy with high noise to signal ratio. Therefore, the filtering of data was carried
out to obtain appropriate data for further processing [7].
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Fig. 2. Control input and measured data obtained from longitudinal flight test maneuver.
4.2, State estimation

Assuming that the measurement of accelerations and angular rates of the micro coaxial
helicopter can be performed using IMU with sufficient accuracy. By replacing the total forces in
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equation (1) with the specific forces a,

X

=7,a

Zm

A
m

micro coaxial helicopter can be expressed as follows [8]:

u=—gw—gsinf+a,

w= qu+tgcosf+a, —4

b=q .

h=usinf — wcosé,

1, =0.

'z

, the equations of longitudinal motion of the

(10)

In equation (10), the bias in the vertical acceleration is considered and it is assumed constant so
that the derivative with respect to time is zero. Also, the subscript m in equation (10) denotes the
measured variable.

In principle, Extended Kalman Filter (EKF) can be applied to estimate the state in . (10) as the

input in term of translational acceleration a, ., a, ., qmare known from the flight test. In addition,

the flapping angle of the upper and lower rotor can be obtained by integrating equation with
0y, and ¢,, acquired in the flight test and using equation (3).

Results on the estimation of translational velocity (u, v), pitch angle (¢)bias in vertical

acceleration and altitude in longitudinal maneuver are shown in Fig. 3. The estimated flapping
angle of the upper and lower rotor in longitudinal maneuver is depicted in Fig. 4.
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Fig. 3. Estimated of translational velocity (u, v), pitch angle (6’) bias in vertical acceleration and altitude
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Fig. 4. Estimated of the flapping angle of the lower and upper rotor in longitudinal maneuver
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4.3. Parameter estimation

The aerodynamic-propulsion model given in equations (5) and (8) can be rewritten as:

X ma,.
CX=1 I 5 4=CX0+CXWa4+CXa au+Cqu+CX§] 5,0,1+CXT T,
3P0 R 5 prw”R : “ on ¢

7 mazm
CZ :%pﬂa)zR“' = %p”a)ZR“. :CZO +CZa[ a/ +C2au OZu + Czqq + Czélon 510}1 + CZTL_]TC’ (11)
M 1,q,
C, = v 4 =Cc, +C, a,+C, a,+C, q+C, &, +C, T,
0 L Au q Slon Te

Lo’ R L pre’ R’

The force coefficients Cy and Cz in equation (11) can be obtained from measurement of
longitudinal and vertical accelerations. The moment coefficient C,, is obtained from numerical
differentiation of ¢,, by taking the 4 points Lagrange time derivative [8].

From the flight test data, the value of angular rate ¢, the control input of pitch servo 6., and the
rotor system thrust coefficient 7, are obtained. The flapping angles of the upper and lower rotor
can be reconstructed as discussed in 0. The principle of the regression method can be explained in
short as follows. The aecrodynamic model in equation (11) can be expressed as follows:

Y(i)=60, +6, x,()+ 6, x, () +...+ 0, x, () + (i), (12)

where y(i) is the dependent variable, i.e. the aerodynamic force and moment coefficients, x,(i)
denote the independent variables, i.e. the (estimated) state and control variables, 6, is the vector of
the aerodynamic parameters, and &3i) am the stochastic equation error, accounting for
measurement as well as model errors on the dependent variable. In the compact matrix form,
equation (12) can be written as follows:

y=X60+c¢. (13)

The matrix of independent variables X is assumed known exactly from the state estimation, i.e.
using EKF, or from direct measurement with highest accuracy of the instrumentation system.
Using the Least Squares (LS) method [10], the parameter vector & can be estimated from:

o, =[x x| x"x]y. (14)

However, due to the limited accuracy of the instrumentation system in the measurement or
reconstruction of the flapping angle or the upper and the lower: ¢, and e, pitch rate g, deflection of
the longitudinal control surface Jj,n, and thrust coefficient 7¢, the data matrix X has also error.
Therefore, equation (13) can be written as follows:

y=[X+AX]O+¢. (15)

In equation (15), not only the observation y has error but also the data matrix X has error as
well. Again, with the assumption that the dependent variable y can be measured with finite
accuracy, equation (15) can be written as follows:

y=[X+AX |6]. (16)

Denote C = [X y/ is a compound matrix that contains both observation y and data matrix X in
equation (16). This matrix C could be decomposed into:

c=Uuzv’, (17)
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where 2 =diag(o;, 0, ...0,+4) is a single value decomposition of C, o;> o >...> 0;+4 be the
singular values of C, n and d is the number of independent variables and number of observation
respectively. The element matrix in (17) could be partitioned based on n and d as follows

V= Vi Vi " y_ 2,0 |”
= g’ = d - (18)
Var Voo 0 2,

Solution of total least square exists if and only if V', is non-singularity. This solution is unique
if and only if o;,#0;+;.The existed solution could be given by

HTLS ==V Vz_zl- (19)

TLS was chosen as the estimator due to its ability in giving consistent estimation of parameters
in the presence of noise in the measured data [9]. Tab. 2 presents the results on estimation of
parameters in the longitudinal force and moment coefficient by applying the Total Least Squares
on the flight test data.

Tab. 2. Estimated parameters in aerodynamic-propulsion model of micro coaxial helicopter

Parameters Value Standard Deviation Parameters Value Standard Deviation
Cy, 0.0134 0.0042 Cz,. -0.1802 0.0108
Cx, -0.0655 0.0149 G, 0.0004 0.0009
Cx, 0.3900 0.0218 Cz, -0.0057 0.0007
Cx, 0.0569 0.0039 Cp, 0.0189 0.0068
Cx,, -0.3569 0.0201 Ca,, 0.2370 0.0241
Cx, 0.0041 0.0016 Co,, -0.6448 0.0354
Cx, -0.0063 0.0012 Co, -0.0833 0.0063
Cz, 0.0495 0.0022 Cony,. 0.5995 0.0326
., 0.0124 0.008 Co -0.0066 0.0026
Cz, 0.2034 0.0117 Co, 0.0009 0.002
Cz 0.0285 0.0021

The comparison between the estimation of Cyx, Cz C,, and the corresponding measured values are
shown in Fig. 5. In general, the estimated values of Cy, Cz and C,, fit well the measured values, except

some periods in which transition of control input were made, i.e. at 1 = 2, t = 4, t = 8 s, see also J,,, in
Fig. 2.
To evaluate the quality of the estimation of force and moment coefficients using Total Least

Squares, the goodness of fit coefficient is used. This coefficient is defined as the correlation
coefficient as follows:

T
PP e 2 o el P O (20)
[ve =71 [ye = 7]

in which y,, and y, are the measured and estimated values of Cy, C; and C,, respectively, and y is

the mean value of y.. The correlation coefficients of Cy, Cz and C,, obtained from analysis of the
flight test data as presented in Fig. 10. are 0.91, 0.92 and 0.97, receptively.
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Fig. 5. Comparison between estimated and measured valued of Cy, C5, C,, and the corresponding difference
4.4. Model validation

To validate the identified mathematical model of the micro coaxial on the longitudinal, the
linearized aerodynamic force and moment model obtained from the system identification process
will be substituted into the mathematical model of the helicopter. Simulation will be carried out on
this model. The obtained results will be compared with simulation results of the analytical model
to evaluate the quality of the identified model. The validation results are shown in Fig. 6.
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i —— i 4
Analytical model Identified model Analytical model | === Identificd madel
- 05 _ 2 s
E R / W N
- 0 = 2 8 10
1‘ 2 4 6 8 10 -2 \Was
Tis -
0.5 ime (s) 4 Time (s)
Validation of the Estimation of Pitch Rate Validation of the Estimation of Translational along X-axis
20 . 4 4
Analytical model === Identified model Analytical model === Identified model
o 10 — 2 pp—
3 I E R R N i T L
= o /\ \ A A = o =T
et VA T T T |
T 4 8 10 2 4 6 8 10
. A Time (s)
10 Time (s) 2
Validation of the Estimation of the Upper Rotor Flapping Angle Validation of the Estimation of Altitude
4 22
Analytical model === Identified model Analytical model === Identified model
2
= Vel “’"
2 o0 =
© i } 6 8 10 =
-2 . =
Time (s)
4 1.6

0 2 4 Time (s) 6 8 10

Fig. 6. Validation of the estimation of the helicopter states: airspeed, angular velocity, flapping angle of the lower
rotor and flybar, and the position in the longitudinal and vertical and axis

In general, the estimation results using the longitudinal mathematical model with linearized

aerodynamic force and moment coefficient match the simulation results from analytical model
rather well. These matching indicate that the identified model can capture well the dynamics of the
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helicopter. It is a good starting point for further improvement towards the obtaining of high
accuracy mathematical model of the coaxial helicopter.

5. Conclusion

The mathematical model of micro coaxial helicopter has been derived in this paper. The model
was used to simulate the helicopter. Also, the mathematical model has been used to identify the
parameter from the real flight test data. The mathematical model of the micro coaxial helicopter
derived from the identification result showed in good agreement with mathematical model
obtained from the analytical approach.

In the future work, more flight tests should be performed to validate the identified dynamic
model, repeating flight test run (execution) in certain number is necessary to ensure the consistent
result of the parameters. Mathematical model of the micro coaxial helicopter in other mode, i.e.
lateral, vertical maneuver should also be developed to obtain the full mathematical model of this
kind of micro coaxial helicopter.
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